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Abstract
There are several cases, where an m∗-seminorm p is defined on a ∗-subalgebra of a given ∗-algebra A.
This may lead to the construction of an unbounded ∗-representation of A. Such m∗-seminorms are called
unbounded. Given an unbounded m∗-seminorm p of a ∗-algebraA, the concept of a p-spectral ∗-represen-
tation of A is introduced and studied in connection to well-behaved ∗-representations. More precisely, the
existence of (p-) spectral well-behaved ∗-representations is investigated on ∗-algebras and locally convex
∗-algebras in terms of certain properties of Pták function, closely related to hermiticity and C∗-spectrality
of the ∗-subalgebras on which this function is defined. Various examples in diverse classes of locally convex
algebras illuminate the elaborated results.
© 2005 Elsevier Inc. All rights reserved.
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0. Introduction
C∗-seminorms are closely related to bounded ∗-representations, factoring through their null
space. There are various interesting examples of locally convex ∗-algebras that occur in distri-
bution theory and quantum field theory, which attain C∗-seminorms defined not on the entire
∗-algebra, but on a ∗-subalgebra of the considered ∗-algebra (cf., for instance, [1,7,8,10,14,28]).
Such C∗-seminorms are called unbounded C∗-seminorms, in accordance with unbounded
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of the latter concepts started a few years ago and there is a series of papers dealing with ques-
tions of this kind and their physical interpretations (see, e.g., [4–10,26]). In this way the notions
of spectral and well-behaved ∗-representations came to the proscenium (ibid.). Their existence
has been studied in the above mentioned literature, and the given characterizations have as a
common reference an unbounded C∗-seminorm, which you do not often need having from the
very beginning. Other mathematical objects related to a given unbounded m∗-seminorm of a
∗-algebra A can contribute to the existence of unbounded C∗-seminorms of A and thus to the
construction of good ∗-representations (cf., for example, [6,7]). In the present study we continue
our investigation in the spirit of the program of the last two references.
The main purpose of this paper is the investigation of the existence of spectral well-behaved
∗-representations through unbounded m∗-seminorms, on the domain of which Pták function may
become a C∗-seminorm. For instance, this always happens on hermitian Banach ∗-algebras with
not necessarily continuous involution [24]. So, in Section 1, some of our basic background
material is presented. In Section 2, the concepts of unbounded m∗-seminorms (respectively
C∗-seminorms) are given together with the definition of Pták function. Several properties of
Pták function are studied in a completely algebraic context and they are related with hermitic-
ity and C∗-spectrality of its domain. Furthermore, the concept of a p-spectral ∗-representation
(with p an unbounded m∗-seminorm) is introduced and it is studied in connection with well-
behaved ∗-representations in the rest of the paper. Thus, in Section 3, the existence of p-spectral,
respectively, well-behaved p-spectral ∗-representations on ∗-algebras, is characterized through
certain properties of Pták function on the domain of p. In the case of Fréchet ∗-algebras, the
corresponding characterizations are also connected to the hermiticity of the Banach ∗-algebra
on which the Pták function is defined. Furthermore, a partial answer is given to the question:
“whether a p-spectral ∗-representation π exists on a ∗-algebra A, such that ‖π(x)‖ = pD(p)(x),
for all x ∈ D(p),” where D(p) is the domain of p and pD(p) the Pták function on D(p). In
Section 4, locally convex ∗-algebras are considered and the existence of spectral well-behaved
∗-representations is examined in terms of specific properties of Pták function now defined on the
∗-subalgebra generated by the selfadjoint elements of the set of Allan bounded elements. In this
case, the existence of some extra spectral C∗-seminorms on the preceding ∗-subalgebra is also
essential. Section 5, is devoted to special cases and examples from various classes of ∗-algebras
that illustrate the developed theory, show some nice properties of the involved material and arise
in certain cases some questioning.
1. Preliminaries
All algebras we deal with are complex and associative. For the basic definitions and properties
of (unbounded) ∗-representations the reader is referred to [17,25].
Let A be a ∗-algebra and π an (unbounded) ∗-representation of A on a Hilbert space Hπ .
D(π) denotes the domain of π ; i.e., a dense subspace of Hπ on which the linear operators
π(a), a ∈ A, are defined. When A has a unit 1, we suppose that π(1) = I , where I is the
identity operator on D(π). If two ∗-representations π1,π2 of A are given, we write π1(a) ⊆
π2(a), a ∈ A, if D(π1) ⊆ D(π2) and π1(a)ξ = π2(a)ξ , for every ξ ∈ D(π1). In this case, we
say that π2 is an extension of π1 and we denote it by π1 ⊆ π2. For a given ∗-representation
π of A, π(a) denotes the closure of π(a) (that is a minimal closed extension of the operator
π(a) [25, p. 28]).
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the existence of bounded ∗-representations. At the beginning of Section 2 the concept of an
unbounded m∗-seminorm (respectively C∗-seminorm) is given, in the sense that these seminorms
are not defined on the entirety of a ∗-algebra A, but on a ∗-subalgebra of A; their existence is
often related to the existence of unbounded ∗-representations. For an unbounded C∗-seminorm
p on a ∗-algebra A, with domain D(p), the set
Ip :=
{
x ∈D(p): ax ∈D(p), ∀a ∈A}
is the largest left ideal of A contained in D(p). The condition p(Ip) = {0} is very impor-
tant, since it is decisive for the existence of nontrivial (unbounded) ∗-representations of A (cf.
[4,7,8,10]). If A is a ∗-algebra and p an unbounded m∗-seminorm of A with domain D(p),
kerp ≡ {x ∈D(p): p(x) = 0} is a ∗-ideal of D(p) and the quotient D(p)[p]/kerp is a normed
∗-algebra under the induced by p ∗-norm ‖x + kerp‖p := p(x), x ∈D(p). Often we shall use
the notation xp for the coset x + kerp, x ∈ D(p). The completion of (D(p)[p]/kerp,‖ · ‖p)
is a Banach ∗-algebra denoted by Ap . If p is an unbounded C∗-seminorm, Ap is a C∗-algebra.
In fact, Ap is the Hausdorff completion of the m∗-seminormed (respectively, C∗-seminormed)
algebra D(p)[p], so in the second case, Ap is the enveloping C∗-algebra of D(p)[p]. Given an
unbounded C∗-seminorm p of A, with p(Ip) = {0}, we fix the following notation:{Rep(Ap) := {all faithful nondegenerate ∗-representations Πp of Ap},
Rep(A,p) := {πp: Πp ∈ Rep(Ap)},
where πp is an unbounded ∗-representation of A derived by Πp in the following way:
Let D(πp) := linear span of {Πp(x + kerp)ξ : x ∈ Ip, ξ ∈ HΠp } ⊆ HΠp . For a ∈A and∑










Then πp(a) is a well-defined linear operator on D(πp). Taking the Hilbert space Hπp corre-
sponding to the norm-closure of D(πp) in HΠp , πp is a nontrivial unbounded ∗-representation
of A on Hπp . Furthermore, let
RepWB(A,p) := {πp ∈ Rep(A,p): Hπp =HΠp}.
If RepWB(A,p) = ∅, p is called weakly semifinite (abbreviated to w-semifinite). In other words,
p is w-semifinite, when the closed linear span [Πp(Ip + kerp)HΠp ] of Πp(Ip + kerp)HΠp
coincides with HΠp . An unbounded m∗-seminorm p of A is called finite if Ip = D(p) and
semifinite if Ip is dense in D(p). A finite, respectively, semifinite unbounded C∗-seminorm
p is clearly w-semifinite. When RepWB(A,p) is nonempty, an element πp of RepWB(A,p) is
called well-behaved ∗-representation of A. For another method of taking well-behaved ∗-re-
presentations see [26]. The way the two methods are related is given in [18]. Examples can be
found in [4,7,8,10,26].
A locally convex ∗-algebra A[τ ] is a ∗-algebra, which is also a locally convex space, such
that involution is continuous and multiplication separately continuous. An element x in A is
called bounded [2, (2.1) Definition], if for some 0 = λ ∈ C, the set {(λx)n: n ∈ N} is bounded
in A[τ ]. If A0 := {all bounded elements in A[τ ]} and (A0)h := {x ∈ A0: x∗ = x}, Ab denotes
the ∗-subalgebra of A generated by (A0)h.
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(1) B is absolutely convex, B2 ⊆ B and B∗ = B , with B∗ = {x∗ ∈ B: x ∈ B};
(2) B is bounded and closed.
For any B ∈ B∗, let A[B] be the ∗-subalgebra of A generated by B . Then A[B] =
{λx: λ ∈ C, x ∈ B} and the function ‖x‖B := inf{λ > 0: x ∈ λB}, x ∈A[B], makes A[B] into a
normed ∗-algebra. If for every B ∈ B∗, A[B] is a Banach ∗-algebra, then A[τ ] is called pseudo-
complete [2, (2.5) Definition]. A complete metrizable locally convex ∗-algebra A[τ ] with jointly
continuous multiplication is called a Fréchet ∗-algebra. In this case, the topology τ may be de-
fined by an increasing sequence {pn}n∈N of ∗-seminorms such that pn(ab) pn+1(a)pn+1(b),
for all a, b ∈A.
A locally convex ∗-algebra A[τ ] with unit 1 is called GB∗-algebra (cf. [3,12]), if B∗ has a
greatest member B0, A[B0] is complete and for each x ∈A, (1 + x∗x)−1 exists and belongs to
A[B0]. For every GB∗-algebra A[τ ], the Banach ∗-algebra A[B0] is a C∗-algebra and coincides
with Ab (see [12, (2.6) Lemma]).
An m∗-convex algebra is an algebraA endowed with a directed family {pα} of m∗-seminorms
(for the last term, see beginning of Section 2). If A is complete with respect to the topology
induced by pα’s, then [21] A = lim←−Aα , up to a topological ∗-isomorphism, where Aα is the
Banach ∗-algebra completion of the normed ∗-algebra (A[pα]/kerpα,‖·‖α), with ‖·‖α induced
by pα .
Given a ∗-algebra A we fix the notation H(A) ≡ {a ∈ A: a∗ = a} and N(A) ≡ {a ∈ A:
a∗a = aa∗} for the selfadjoint, respectively the normal elements of A.
2. Spectral ∗-representations
LetA be a ∗-algebra. A seminorm p onA is called m∗-seminorm (respectively C∗-seminorm)
if it fulfills the following properties:
p(ab) p(a)p(b) and p(a∗) = p(a), ∀a, b ∈A;
respectively p(a∗a) = p(a)2, ∀a ∈A.
Every C∗-seminorm on A is an m∗-seminorm [27]. An unbounded m∗-seminorm (respec-
tively C∗-seminorm) of A is an m∗-seminorm (respectively C∗-seminorm) p with domain a
∗-subalgebra D(p) of A. The terminology is justified from the fact that such seminorms are
related to the existence of unbounded ∗-representations of A (see, e.g., [7,8,10]). If A[τ ] is a







with p∞(x) := sup
n∈N
pn(x), ∀x ∈D(p∞).
Then D(p∞) is a Banach ∗-algebra and p∞ an unbounded ∗-(semi)norm of A[τ ]. If A is the
∗-algebra C(R) of continuous functions on R under the compact open topology, then D(p∞) =
Cb(R) the C∗-algebra of continuous bounded functions on R and p∞(f ) = ‖f ‖∞, f ∈ Cb(R);
so, in this case, p∞ is an unbounded C∗-(semi)norm of C(R).
If A is a ∗-algebra, A1 = A⊕ C will denote the ∗-algebra corresponding to the unitization
ofA. Given a ∈A, the spectrum and the spectral radius of a are denoted by spA(a), respectively
rA(a). When spA(a) = ∅, it is assumed that rA(a) = −∞. A ∗-algebraA is called ∗-spectral, re-
spectively C∗-spectral if it can be endowed with an m∗-seminorm (respectively C∗-seminorm) p,
S.J. Bhatt et al. / J. Math. Anal. Appl. 317 (2006) 475–495 479such that rA(a)  p(a), for all a ∈A. In this case, p is called spectral m∗-seminorm, respec-
tively spectral C∗-seminorm. We always suppose that a spectral m∗-seminorm (respectively
C∗-seminorm) p is nonzero, since if it is zero, by the preceding inequality the spectral radius
will be zero, therefore any m∗-seminorm (respectively C∗-seminorm) on A will be spectral.
The concept of a spectral algebra is due to Palmer [22]. Any spectral C∗-norm is unique and
coincides with Pták function (cf. [8, Lemma 4.5, (1)] and [16, Remark, 3.5, (1)]). For a given
∗-algebra A with rA(a∗a) < ∞, for all a ∈A, the function pA(a) := rA(a∗a)1/2, a ∈ A, is
called Pták function. Pták [24] was the first who recognized the importance of this function for
the theory of hermitian Banach algebras and gave a number of characterizations of hermitic-
ity through various properties of his function (see, e.g., Lemma 2.2). A ∗-algebra A is called
hermitian if spA(a) ⊆ R, for all a ∈ H(A). In Banach algebras with a not necessarily continu-
ous involution, hermiticity is characterized by the entirely algebraic inequality rA(a) pA(a),
for every a ∈A, known as Pták inequality, which in fact, is an algebraic generalization of
the C∗-property, making the hermitian Banach algebras to behave very much like C∗-algebras
(cf. [24] and [13, Theorem (33.12)]). This is essential because there are plenty of Banach and
locally convex ∗-algebras that are not C∗-algebras, but they are hermitian. Take, for instance,
the Banach ∗-algebra C(n)[0,1] of all continuously n-differentiable functions on [0,1], or the
Fréchet ∗-algebra C∞(X) of C∞-functions on a C∞-manifold X, or the algebra D(R) of com-
pactly supported smooth functions on R, etc. (for the nonnormed examples, cf. [15]).
For any ∗-algebra A with rA|H(A) < ∞, the Pták function has always the following proper-
ties: {
pA(λa) = |λ|pA, ∀λ ∈ C, a ∈A; pA(a∗) = pA(a), ∀a ∈A,
pA(a∗a) = pA(a)2, ∀a ∈A; pA(a) = rA(a), ∀a ∈ H(A).
Thus, pA is a C∗-seminorm if and only if pA is subadditive. Furthermore, if A is a radical
algebra (i.e., A = JA, with JA the Jacobson radical of A) [22], then spA(a) = {0}, for every
a ∈A, therefore on such ∗-algebras the Pták function is always zero, and the algebra itself is
always hermitian. For this reason, when in the sequel, we shall refer to Pták function, we shall
always assume that it is nonzero.
The proof of the next lemma follows from [22, p. 212, Theorem 2.2.5].
Lemma 2.1. Let A be a ∗-algebra and p an unbounded m∗-seminorm of A. Then the following
statements are equivalent:
(i) p is spectral (⇔ rD(p)(x) p(x), x ∈D(p)).
(ii) {x ∈ D(p): p(x) < 1} ⊆ D(p)qr , where D(p)qr denotes the group of the quasi-regular
elements of D(p).
(iii) rD(p)(x) = limn→∞ p(xn)1/n, for all x ∈D(p).
(iv) spD(p)(x) = spAp (x + kerp)∪ {0}, for all x ∈D(p).
If p is an unbounded C∗-seminorm of A, then (i)–(iv) are all equivalent to
(v) rD(p)(x) = p(x), for all x ∈ N(D(p)).
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Then the following statements are equivalent:
(i) B is hermitian.
(ii) rB(x) pB(x), for each x ∈ B (Pták inequality).
(iii) The Pták function pB is a C∗-seminorm on B.
We investigate now the Pták function on general ∗-algebras.
Lemma 2.3. LetA be a ∗-algebra. SupposeA is ∗-spectral and rA(a) pA(a), for each a ∈A.
Then the following statements hold:
(i) rA(xy) rA(x)rA(y), for any x, y ∈ N(A).
(ii) rA(x + y) rA(x)+ rA(y), for any x, y ∈ N(A).
(iii) pA(ab) pA(a)pA(b), for any a, b ∈A.
Furthermore, the following statements are equivalent:
(iv) rA(a + a∗) 2pA(a), for each a ∈A.
(v) pA(a + b) pA(a)+ pA(b), for any a, b ∈A.
If A is either commutative or hermitian, then (iv) and (v) are always true.














for any x, y ∈ N(A); so applying Lemma 2.1, we take (i).
(ii) It suffices to consider x, y ∈ N(A) with rA(x + y) = 0 and rA(x) = 0 = rA(y).
Case (a). Suppose A has a unit 1 and let x, y ∈ N(A). Let also λ ∈ C with |λ| > rA(x) +
rA(y). Then λ1−x is invertible and (λ1−x)−1 ∈ N(A) since x ∈ N(A). Moreover (polynomial
spectral mapping theorem), pA((λ1−x)−1) = {(λ−μ)−1: μ ∈ spA(x)}, with 1|λ−μ|  1|λ|−|μ| <1
rA(y) ; therefore, applying (i), we have
rA
(
(λ1 − x)−1y) rA((λ1 − x)−1)rA(y) < 1, ∀x, y ∈ N(A) and λ as before. (2.1)
It follows now (also see Lemma 2.1) that 1p − ((λ1 − x)−1y)p is invertible in Ap , therefore
1 − (λ1 − x)−1y is invertible in A (see, e.g., [16, Corollary 2.2]). Since λ1 − (x + y) =
(λ1−x)(1− (λ1−x)−1y), the element λ1− (x+y) is invertible inA, therefore λ /∈ spA(x+y).
Thus, we have proved that rA(x + y) rA(x)+ rA(y).
Case (b). SupposeA has no unit. Let x, y ∈ N(A) and λ ∈ C with |λ| > rA(x)+ rA(y). Clearly,
λ1 − x, λ1 − y are invertible in the unitization A1 of A and (λ1 − x)−1 = λ−11 + z, with
z ≡ λ−1x(λ1 − x)−1 ∈ N(A). Furthermore,
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= (λ1 − x)(1 − zy(1 − λ−1y)−1)(1 − λ−1y). (2.2)
Using (i) and (2.1), we obtain




1 − λ−1y)−1)< |λ|rA(y)rA(x)−1.
But y(1 − λ−1y)−1 ∈ N(A), so using again (i), we get rA(zy(1 − λ−1y)−1) < 1. Since A1 is
∗-spectral, 1−zy(1−λ−1y)−1 is invertible inA1 and from (2.2) the same is true for λ1−(x+y).
Hence, λ /∈ spA1(x + y) = spA(x + y) and rA(x + y) rA(x)+ rA(y).
(iii) It follows from (i).
(iv) ⇒ (v) Using (i), (iv) and (iii), we have
pA(a + b)2 = rA
(
(a + b)∗(a + b))= rA((a∗a + b∗b)+ (a∗b + b∗a))
 rA(a∗a)+ rA(b∗b)+ 2pA(a∗b) pA(a)2 + pA(b)2 + 2pA(a)pA(b)
= (pA(a)+ pA(b))2, ∀a, b ∈A.
(v) ⇒ (iv) From hypothesis and (v), we get rA(a + a∗) pA(a + a∗) pA(a)+pA(a∗) =
2pA(a), for every a ∈A. In the rest of the proof we show that if A is either commutative or
hermitian, then (iv) and (v) are always true.
Suppose first thatA is commutative. ThenA= N(A), so that from (ii) we have rA(a+a∗)
rA(a)+ rA(a∗) 2pA(a), for all a ∈A, which proves (iv).
Let now A be hermitian and A+ := {x ∈ H(A): spA(x) ⊆ R+}. We first show that for any
h, k ∈ H(A), h2 and h2 + k2 belong to A+. That h2 ∈ A+ follows from the hermiticity of A
and the polynomial spectral mapping theorem. Passing to the unitization A1 of A, we clearly
have that 1 + h2 > 0. Since A1 is ∗-spectral, it follows that (1 + h2)−1 exists in A1. Let u ≡
h2(1+h2)−1 and v ≡ k2(1+k2)−1. Then rA(u) < 1 and rA(v) < 1, so by (i) rA(uv) < 1, which
yields that 1−uv is invertible inA1. Thus 1+ (h2 +k2) = (1+h2)(1−uv)(1+k2), is invertible
in A1 from which we conclude that h2 + k2 ∈A+. Further, since rA(h2)1 − h2 ∈ (A1)+, we get
rA
(
h2 + k2)1 − h2 = (rA(h2 + k2)1 − (h2 + k2))+ k2 ∈ (A1)+, (2.3)
which yields rA(h2) rA(h2 + k2).
Let now a ∈A. Then, a = h+ ik with h, k ∈ H(A). In particular, 2h = a + a∗ and h2 + k2 =
1
2 (a























Every C∗-spectral algebra is hermitian (cf. e.g., [16, Remark 3.5]). According to Lemma 2.2,
the two concepts coincide on every Banach algebra with a not necessarily continuous involu-
tion. For more general cases, see [16, Section 4] and Corollary 2.6 below. Lemma 2.4 relates
C∗-spectrality with hermiticity in arbitrary ∗-algebras.
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(i) A is a C∗-spectral algebra.
(ii) The Pták function pA is a C∗-seminorm on A.
(iii) There is a spectral m∗-seminorm p on A such that Ap is hermitian.
(iv) A is hermitian and ∗-spectral such that rA(a) pA(a), for every a ∈A.
Proof. (i) ⇒ (ii) Let r be a spectral C∗-seminorm on A. Applying Lemma 2.1(v), we get
pA(a) = rA(a∗a)1/2 = r(a∗a)1/2 = r(a), for each a ∈A.
(ii) ⇒ (iii) Take p = pA. Then Ap as a C∗-algebra is hermitian (Shirali–Ford theorem). On
the other hand, since pA is a C∗-seminorm, [11, Lemma 3.1(iii)] implies that rA(a)  pA(a),
for every a ∈A, therefore p is a spectral m∗-seminorm.
(iii) ⇒ (iv) Clearly A is a ∗-spectral algebra. Lemma 2.1(iv) yields hermiticity of Ap , so that
from Lemma 2.2 A is hermitian and rA(a) pA(a), a ∈A.
(iv) ⇒ (i) From Lemma 2.3 pA is subadditive, hence a C∗-seminorm and since rA(a) 
pA(a), a ∈A, A is C∗-spectral. 
Corollary 2.5. Let A be a ∗-algebra. Consider the following statements:
(i) A is a C∗-spectral algebra.
(ii) The Pták function pA is a C∗-seminorm on A.
(iii) A is a ∗-spectral algebra and rA(a) pA(a), for every a ∈A.
Then (i) ⇔ (ii) ⇒ (iii) and if A is moreover commutative, one also has (iii) ⇒ (i); therefore, all
three statements are equivalent in the commutative case.
Corollary 2.6. Let A be a ∗-algebra and p a spectral m∗-seminorm on A. Suppose that A[p] is
complete. Then the following are equivalent:
(i) A is a C∗-spectral algebra.
(ii) The Pták function pA is a C∗-seminorm on A.
(iii) rA(a) pA(a), for every a ∈A (Pták inequality).
(iv) A is hermitian.
Proof. A[p] complete implies that A[p]/kerp is also complete, therefore Ap = A[p]/kerp.
Thus the result follows from Lemma 2.2, by applying Lemma 2.1(iv). 
Let A be a ∗-algebra with unit 1 and p an unbounded m∗-seminorm of A. We recall some
definitions on the spectrality of ∗-representations and give the definition of a p-spectral ∗-re-
presentation that will be studied in the subsequent sections in connection with well-behaved
∗-representations. Spectral ∗-representations were introduced and studied for the bounded case
in [9] and for the unbounded case in [8,10] (cf. also [6]).
Let π be a ∗-representation of A. Consider the ∗-subalgebra Aπb of A given by Aπb :=
{x ∈ A: π(x) ∈ B(Hπ )} and let C∗(π) be the C∗-algebra defined by the norm-closure of
{π(x): x ∈Aπb } in B(Hπ ). Clearly, πb :Aπb → B(Hπ ) with πb(x) := π(x), x ∈Aπb , is a bounded∗-representation of Aπ . Suppose that p fulfills the condition D(p) ⊆Aπ and let C∗p(π) be theb b





)∪ {0} = spC∗p(x)(π(x))∪ {0},
∩ |
spAπb (x)∪ {0} ⊆ spD(p)(x), ∀x ∈D(p).
Definition 2.7. Let π be a ∗-representation of A. If spAπb (x) = spC∗(π)(π(x)) ∪ {0}, for all
x ∈Aπb , then π is called spectral. If moreover, p is an unbounded m∗-seminorm of A such that
D(p) ⊆Aπb and spD(p)(x) = spC∗p(π)(π(x))∪ {0}, for all x ∈D(p), then π is called p-spectral.
Lemma 2.8. Let A,π and p be as before. Consider the following statements:
(i) π is spectral.
(ii) rπ is spectral, where rπ (x) := ‖π(x)‖, for every x ∈Aπb .
(iii) π is p-spectral.
(iv) D(p) ⊆Aπb and rπ |D(p) is spectral.
Then (i) ⇔ (ii) and (iii) ⇔ (iv).
Proof. The implications (i) ⇒ (ii) and (iii) ⇒ (iv) follow directly from the definitions. For
(ii) ⇒ (i) and (iv) ⇒ (iii) see [10, proof of Lemma 6.6, (iii) ⇒ (ii)]. 
3. Existence of spectral well-behaved ∗-representations of ∗-algebras
In this section, starting with an unbounded m∗-seminorm p of a ∗-algebra A, we investigate
the existence of spectral well-behaved ∗-representations of A, in terms of the properties of Pták
function on D(p).
Theorem 3.1. Let A be a ∗-algebra with unit 1 and p an unbounded m∗-seminorm of A. The
following statements are equivalent:
(i) There exists a p-spectral well-behaved ∗-representation πr of A induced by an unbounded
w-semifinite C∗-seminorm r of A with D(r) =D(p).
(ii) There exists a p-spectral ∗-representation π of A such that [π(Ip)Hπ ] =Hπ .
(iii) The Pták function pD(p) is a w-semifinite (spectral) C∗-seminorm on D(p).
Proof. (i) ⇒ (ii) Since D(r) = D(p), we have Ir = Ip and if πr is the well-behaved ∗-re-
presentation of A induced by r and Πr (see Section 1), we get
πr(Ir )Hπr = πr(Ir )HΠr = Πr
(I2r + ker r)HΠr ⊆ Πr(Ir + ker r)HΠr .
Denote byK the operator-norm closure of Πr(Ir +ker r) in the C∗-algebra Πr(Ar ). ThenK is a
left ideal in Πr(Ar ), therefore there is a net (Tα) inK such that, for each x ∈ Ir , Πr(x+ker r) =
limα Πr(x+ker r)Tα . Moreover, for each α, there is a net (xα,β) in Ir , with Tα = limβ Πr(xα,β +
ker r). Hence, for x ∈ Ir and ξ ∈ HΠr , Πr(x + ker r)ξ = limα limβ Πr(xxα,β + ker r)ξ , with
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ing π := πr , we have (ii).
(ii) ⇒ (iii) From Lemma 2.8, p-spectrality of π is equivalent to the fact that rπ |D(p) is a
spectral C∗-seminorm on D(p). Hence (uniqueness of spectral C∗-seminorm) rπ |D(p) = pD(p)




D(pD(p))/kerpD(p) ApD(p) =Arπ |D(p)
πpD(p)
C∗p(π) ⊆ B(Hπ )
where πpD(p) (x + kerpD(p)) := π(x), x ∈D(p). Since ‖π(x)‖ = rπ |D(p)(x) = pD(p)(x),
x ∈D(p), πpD(p) is well defined and ‖ΠpD(p) (x+kerpD(p))‖ = ‖x+kerpD(p)‖pD(p) , for every
x ∈D(p). Thus[
ΠpD(p) (IpD(p) + kerpD(p))HπpD(p)
]= [π(Ip)Hπ ]=Hπ =HπpD(p) ,
which shows that pD(p) is w-semifinite.
(iii) ⇒ (i) Let r = pD(p). Then r is a w-semifinite unbounded C∗-seminorm of A, so there
exists a well-behaved ∗-representation πr of A with ‖πr(x)‖ = r(x), x ∈ D(p) [10]. Hence,
r(x) = rπr |D(p)(x), x ∈D(p), with r = pD(p) spectral (Lemma 2.4), therefore, rπr |D(p) is spec-
tral and from Lemma 2.8 means that πr is p-spectral. 
Corollary 3.2. Let A be a ∗-algebra with unit 1 and p an unbounded semifinite m∗-seminorm
of A. Consider the following statements:
(i) There exists a p-spectral well-behaved ∗-representation of A.
(ii) There exists a p-spectral ∗-representation π of A with π |D(p) nondegenerate.
(iii) pD(p) is a C∗-seminorm on D(p) and pD(p)(x) p(x), for all x ∈D(p).
(iv) p is spectral and Ap is hermitian.
Then (iv) ⇒ (iii) ⇒ (i) ⇔ (ii). If D(p)[p] is also complete and (iv) is replaced by
(iv)′ p is spectral and D(p) is hermitian,
then one has that (iv)′ ⇔ (iii) ⇒ (i) ⇔ (ii).
Proof. (iv) ⇒ (iii) Since p is spectral andAp is hermitian, Lemmas 2.1, 2.2 imply that pD(p) is
a (spectral) C∗-seminorm on D(p). Moreover, spectrality of p and Lemma 2.1 yield pD(p)(x) =
rD(p)(x
∗x)1/2  p(x∗x)1/2  p(x), for every x ∈D(p).
(iii) ⇒ (i) Since IpD(p) = Ip and p is semifinite, pD(p) is semifinite therefore w-semifinite.
So (iii) of Theorem 3.1 implies (i).
(i) ⇒ (ii) Obvious by the very definitions.
(ii) ⇒ (i) Since p is semifinite, [π(Ip)Hπ ] =Hπ , so (i) follows from (ii) of Theorem 3.1.
Suppose now completeness for D(p)[p]. We shall show that
(iv)′ ⇒ (iii) From Corollary 2.7, pD(p) is a (spectral) C∗-seminorm. Spectrality of p implies
that pD(p)(x) p(x), x ∈D(p), as in the proof of (iv) ⇒ (iii).
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rD(p)(x) pD(p)(x), x ∈D(p); so from (iii) p is spectral. 
Corollary 3.3. Let A be a ∗-algebra with unit 1 and p an unbounded semifinite m∗-seminorm
of A. Consider the following statements:
(i) There exists a p-spectral well-behaved ∗-representation of A.
(ii) There exists a p-spectral ∗-representation π of A with π |D(p) nondegenerate.
(iii) pD(p) is a C∗-seminorm on D(p) and pD(p)(x) p(x), for all x ∈D(p).
(iv) p is spectral and pD(p) is a C∗-seminorm on D(p).
(v) p is spectral, D(p) is hermitian and rD(p)(x) pD(p)(x), for all x ∈D(p).
Then (v) ⇔ (iv) ⇔ (iii) ⇒ (i) ⇔ (ii).
Proof. According to Corollary 3.2, it suffices to show that (v) ⇔ (iv) ⇔ (iii). This follows from
the spectrality of p and Lemmas 2.1 and 2.4. 
Applying Theorem 3.1 with p = p∞ and using Lemma 2.2, we get Corollary 3.4, where for
the notation involved see Section 2.
Corollary 3.4. LetA be a Fréchet ∗-algebra with unit 1. The following statements are equivalent:
(i) There exists a p∞-spectral well-behaved ∗-representation πr of A induced by a w-semi-
finite unbounded C∗-seminorm r of A with D(r) =D(p∞).
(ii) The Pták function pD(p∞) is a w-semifinite C∗-seminorm on D(p∞).
(iii) The Banach ∗-algebra D(p∞) is hermitian and pD(p∞) is w-semifinite.
Theorem 3.5. Let A be a ∗-algebra with unit 1 and p an unbounded m∗-seminorm of A. The
following statements are equivalent:
(i) There exist a well-behaved ∗-representation πr of A induced by a w-semifinite unbounded
C∗-seminorm r of A with D(r) = D(p) and a spectral unbounded C∗-seminorm r ′ of A
with D(r ′) =D(p) such that ‖πr(x)‖ r ′(x) p(x), for each x ∈D(p).
(ii) There exist a w-semifinite unbounded C∗-seminorm r of A with D(r) =D(p) and a spec-
tral unbounded C∗-seminorm r ′ of A with D(r ′) = D(p) such that r(x)  r ′(x)  p(x),
for each x ∈D(p).
(iii) pD(p) is a C∗-seminorm on D(p) with pD(p)  p and pD(p)(Ip) = {0}.
Proof. (i) ⇒ (ii) Since πr is well-behaved we have that ‖πr(x)‖ = r(x), for all x ∈ D(p)
[10, Proposition 2.6, 2(i)], so (ii) is obvious.
(ii) ⇒ (iii) Since r ′ is a spectral C∗-seminorm on D(p) we have r ′ = pD(p). So pD(p) is
a C∗-seminorm on D(p) with pD(p)(x)  p(x), for all x ∈ D(p). Now since Ir = Ip and r
is w-semifinite we conclude that r(Ip) = {0} [10]. Thus pD(p)(Ip) = {0} in view of r  r ′ =
pD(p) on D(p).
(iii) ⇒ (i) pD(p) is spectral from Lemma 2.4. Since moreover it is a C∗-seminorm on D(p),
a nondegenerate bounded ∗-representation π0 is defined on D(p) with ‖π0(x)‖  pD(p)(x) 
p(x), for all x ∈D(p) and π0(Ip) = {0}. Hence [7, Theorem 3.5] implies the existence of a
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on D(p). Taking r ′ = pD(p), we have the conclusion. 
Theorem 3.5 leads to the following question:
If p is an unbounded m∗-seminorm of A and Pták function is a C∗-seminorm on D(p), does
A admits a p-spectral ∗-representation π such that ‖π(x)‖ = pD(p)(x), for every x ∈D(p)?
Corollary 3.6 gives a partial answer.
Corollary 3.6. If A[p] is as in Theorem 3.5 and π is a ∗-representation of A, the following are
equivalent:
(i) π is p-spectral and there exists a well-behaved ∗-representation πr of A induced by a w-
semifinite unbounded C∗-seminorm r of A on D(r) =D(p) such that πr ⊆ π .
(ii) D(p) ⊆Aπb , pD(p) = rπ |D(p) and π(Ip) = {0}.
Proof. (i) ⇒ (ii) Since π is p-spectral, rπ |D(p) is a spectral C∗-seminorm (Lemma 2.8). Hence
rπ |D(p) = pD(p) from the uniqueness of a spectral C∗-seminorm. Since πr ⊆ π and r(Ip) = {0},
we conclude that π(Ip) = {0}.
(ii) ⇒ (i) The equality pD(p) = rπ |D(p) implies that pD(p) is a C∗-seminorm; so (cf. [11,
Lemma 3.1(ii)]) rD(p)(x) pD(p)(x) = rπ (x), for every x ∈D(p). Therefore, rπ |D(p) is spec-
tral (Lemma 2.8) and equivalently π is p-spectral.
The remaining part of (i) follows by applying [7, Theorem 3.5] for (A,pD(p)). 
Corollary 3.7. For a Fréchet ∗-algebra A with unit 1 the following are equivalent:
(i) There exist a well-behaved ∗-representation πr of A induced by a w-semifinite unbounded
C∗-seminorm r of A with D(r) =D(p∞) and a spectral unbounded C∗-seminorm r ′ of A
with D(r ′) =D(p∞) and ‖πr(x)‖ r ′(x) p∞(x), x ∈D(p∞).
(ii) pD(p∞) is a C∗-seminorm on D(p∞) such that pD(p∞)(Ip∞) = {0}.
(iii) The Banach ∗-algebra D(p∞) is hermitian and pD(p∞)(Ip∞) = {0}.
Proof. Apply Theorem 3.5 with p = p∞ and use Lemma 2.2. Notice that p∞ is spectral, so that
one has automatically that pD(p∞)(x) p∞(x), x ∈D(p∞). 
4. Existence of spectral well-behaved ∗-representations of locally convex ∗-algebras
In this section the existence of spectral well-behaved ∗-representations of a locally convex
∗-algebra A is examined by means of certain properties of Pták function on the ∗-subalgebra Ab
of A. Among the characterizations involved, the existence of suitable spectral C∗-seminorms on
Ab plays a positive role. For the notation and terminology we use, consult Sections 1 and 2. For
the next Lemma 4.1 and Definition 4.2 cf. [8,10].
Lemma 4.1. Let A be a pseudo-complete locally convex ∗-algebra with unit 1, and π a ∗-re-
presentation of A. Then Ab ⊆Aπb := {x ∈A: π(x) ∈ B(Hπ )}.
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ate if [π(Ib)D(π)] = Hπ . An unbounded C∗-seminorm r of A with D(r) = Ab , is called
topologically w-semifinite (abbreviated to tw-semifinite), if there is a faithful nondegenerate ∗-
representation Πr of the C∗-algebra Ar such that [Πr(Ib + ker r)HΠr ] =HΠr . The unbounded
∗-representation πr of A constructed by r , is called a well-behaved ∗-representation of A.
Theorem 4.3. Let A be a pseudo-complete locally convex ∗-algebra with unit 1. The following
statements are equivalent:
(i) There exists a spectral well-behaved ∗-representation πr of A induced by a tw-semifinite
unbounded C∗-seminorm r of A with D(r) =Ab .
(ii) There exists a spectral uniformly nondegenerate ∗-representation of A.
(iii) pAb is a tw-semifinite unbounded (spectral) C∗-seminorm of A.
Proof. Let πr be as in (i). Then, from Lemma 2.1, spectrality of πr implies that rAb (x) =
rAr (xr )  ‖xr‖r = r(x), for every x ∈Ab . Hence r is spectral, therefore the equivalence of (i)
and (ii) follows from [8, Theorem 4.8].
(i) ⇒ (iii) As we noticed before r is spectral, therefore (uniqueness of a spectral C∗-semi-
norm) r = pAb and this implies (iii).
(iii) ⇒ (i) Since pAb is a C∗-seminorm, it is spectral from Lemma 2.4, so taking r = pAb ,
(i) follows from [8, Theorem 4.8]. 
The following theorem is a version of Theorem 3.3 in the present context, combined with [7,
Theorem 4.5].
Theorem 4.4. Let A be a pseudo-complete locally convex ∗-algebra with unit 1. The following
statements are equivalent:
(i) There exist a well-behaved ∗-representation πr of A induced by a tw-semifinite unbounded
C∗-seminorm r of A with D(r) =Ab and a spectral unbounded C∗-seminorm r ′ of A with
D(r ′) =Ab and ‖πr(x)‖ r ′(x), x ∈Ab .
(ii) There exist a tw-semifinite unbounded C∗-seminorm r of A with D(r) =Ab and a spectral
unbounded C∗-seminorm r ′ of A with D(r ′) =Ab and r(x) r ′(x), x ∈Ab .
(iii) The Ptàk function pAb is a C∗-seminorm on Ab with pAb (Ib) = {0}.
Corollary 4.5. Let A be a GB∗-algebra. The following statements are equivalent:
(i) There exists a spectral well-behaved ∗-representation of A.
(ii) ‖ · ‖B0 is tw-semifinite.
Proof. (i) ⇒ (ii) Let π be a well-behaved ∗-representation of A. Then there is a tw-semifinite
unbounded C∗-seminorm r of A with D(r) = Ab = A[B0] and π = πr . Since π is spectral,
Lemma 2.8 gives that rπ |A[B0] is spectral, whereA[B0] is a C∗-algebra. Hence rπ |A[B0] = ‖·‖B0 .
Moreover, ‖x‖B0 = rπ (x) = ‖π(x)‖ = ‖πr(x)‖ = r(x), for each x ∈ A[B0], so that ‖ · ‖B0 is
tw-semifinite.
(ii) ⇒ (i) The uniqueness of a spectral C∗-seminorm implies pAb = pA[B0] = ‖ · ‖B0 , with‖ · ‖B0 tw-semifinite (and spectral); (i) follows now from Theorem 4.3. 
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(i) There exists a well-behaved ∗-representation of A.
(ii) Ib = {0}.
Proof. (i) ⇒ (ii) If π is a well-behaved ∗-representation of A, there is a tw-semifinite un-
bounded C∗-seminorm r of A with D(r) = Ab = A[B0] and π = πr . Moreover, r(x) =
‖π(x)‖  ‖x‖B0 , x ∈ A[B0], with r tw-semifinite and ‖ · ‖B0 spectral. Thus (ii) follows from
Theorem 4.4.
(ii) ⇒ (i) Since ‖ · ‖B0 is a spectral C∗-norm on Ab = A[B0], we have pA[B0] = ‖ · ‖B0 ,
therefore, pAb (Ib) = {0} and (i) follows again from Theorem 4.4. 
Note thatA= Lw[0,1] (Arens algebra) is a GB∗-algebra andA[B0] = L∞[0,1]. Thus ‖ ·‖∞
is a spectral C∗-norm on A[B0], but Ib = {0}; so there is no well-behaved ∗-representation of A
according to Corollary 4.6.
5. Special cases and examples
In this section we consider various classes of locally convex ∗-algebras, in which dealing with
concrete examples we examine the existence of (p-) spectral well-behaved ∗-representations
according to the theory developed in the previous sections. This investigation shows, in some
cases, nice properties of the involved mathematical objects and occasionally puts questions (see,
e.g., Examples 5.2(3) and 5.4).
5.1. Complete m∗-convex algebras
Let {Aα} be a directed family of unital Banach ∗-algebras with ∗-norms ‖ · ‖α . The product∏
αAα is a complete m∗-convex algebra, equipped with coordinatewise defined involution and
algebraic operations, and the locally convex topology given by the family {pα} of m∗-seminorms
with pα((xα)) := ‖xα‖α , for all (xα) ∈∏αAα .
Example 5.2. It is clear from the above that every Aα becomes a ∗-subalgebra of ∏αAα and so
each ∗-norm ‖ · ‖α can be viewed as an unbounded spectral m∗-seminorm of ∏αAα , such that
D(‖ · ‖α) =Aα = {(xα) ∈∏αAα with xβ = 0, ∀β = α}. Since I‖·‖α =Aα , it follows that ‖ · ‖α
is (semi)finite. We distinguish the following cases:
(1) From Corollary 3.2,
∏
αAα attains a ‖ · ‖α-spectral well-behaved ∗-representation, when-
everAα is hermitian. Note that
∏
αAα is hermitian if and only if eachAα is hermitian, as follows
from the fact that each quotient
∏
αAα/kerpα coincides with Aα up to a surjective isometric∗-isomorphism. That is, each normed ∗-algebra ∏αAα/kerpα is complete, hence a Banach∗-algebra.
(2) Let D(p) := {(xα) ∈ ∏αAα with xα = 0, for all except a finite number of α’s} and





αAα is hermitian whenever this is the case for each Aα . Furthermore,
D(p) =⊕αAα = Ip . Hence, p is a spectral (semi)finite m∗-(semi)norm on D(p), therefore
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αAα is equipped with a p-spectral well-behaved ∗-representation, whenever each Aα is her-
mitian. In particular, if {Aα} is a directed family of C∗-algebras, the pro-C∗-algebra (⇔ locally
C∗-algebra) ∏αAα has a plethora of q-spectral well-behaved ∗-representations with q running
in the set of the spectral semifinite unbounded m∗-seminorms {p,‖ · ‖α’s} with p and ‖ · ‖α’s
as above. This follows from the fact that each Aα being a C∗-algebra is hermitian (Shirali–Ford
theorem [13] and/or [24]).
(3) There exists a spectral well-behaved ∗-representation of the complete m∗-convex algebra∏
αAα if and only if each Aα is hermitian. Indeed, since ‖ · ‖α is a spectral m∗-norm on Aα , we
have









for each (xα) ∈ (∏αAα)0, where β(·) is Allan radius of boundedness and r(∏αAα)0(x) =
sup{|λ|: λ1 − x has no inverse in (∏αAα)0} (see [2, (2.13), (3.1), (3.12), (4.1)]). Suppose that
every Aα is hermitian. From Lemma 2.2, we have
rAα (xα) pAα (xα), ∀xα ∈Aα, and rAα (xα) = pAα (xα), ∀xα ∈ H(Aα); (5.2)






















Every pAα is a C∗-seminorm on Aα , so B is a ∗-subalgebra of
∏
















αAα is hermitian if and only if Aα is hermitian for each
α (Example 5.2(1)). Moreover, from [2, Theorem 4.1] one has




Let C be a maximal commutative ∗-subalgebra of (∏αAα)b containing an arbitrary













αAα)0, [2, (3.3) Proposition] gives
sp(∏αAα)b (x) = spC(x). (5.6)
Let λ ∈ C \ R. From (5.5) (λ1 − x)−1 exists in (∏αAα)0 and since C is maximal and commu-
tative, (λ1 − x)−1 ∈ C′ = C, which implies that spC(x) ⊆ R. From (5.6) sp(∏αAα)b (x) ⊆ R, so
(
∏
αAα)b is hermitian. We prove that supα pAα is a spectral C∗-seminorm on (
∏
αAα)b . Since
every pAα is a C∗-seminorm on Aα , the same is true for supα pAα . From (5.3), (5.4), (5.1) and
hermiticity of (
∏
αAα)b , we have
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∏
αAα)b (x) = r((∏αAα)b)h(x) = r((∏αAα)0)h(x) = r(∏αAα)0(x) = sup
α
pAα (xα),









which in turn implies
p(
∏








for every y = (yα) ∈ (∏αAα)b . Thus the Pták function p(∏αAα)b is a C∗-seminorm on
(
∏
αAα)b , so that from Lemma 2.4, supα pAα = p(∏αAα)b is spectral. Further it is tw-semi-
finite. Indeed, if r ≡ p(∏αAα)b , we must show that [Πr(Ib + ker r)HΠr ] = HΠr with Hπr =⊕
αHΠpAα (direct sum of Hilbert spaces) and Πr =
⊕
α ΠpAα . But
HΠr =
⊕[
ΠpAα (IpAα + kerpAα )HpAα
]⊆ [Πr(Ib + ker r)HΠr ].
Hence from Theorem 4.3 there exists a spectral well-behaved ∗-representation of ∏αAα .
Conversely, suppose that there exists a spectral well-behaved ∗-representation of ∏αAα .
By Theorem 4.3, p(∏αAα)b is a C∗-seminorm on (∏αAα)b . Take any xα ∈ Aα . It is easily
shown that 0 = λ ∈ C \ spAα (xα) if and only if λ ∈ C \ sp(∏αAα)b ((x0α)), where (x0α) is the ele-
ment of (
∏





α)) = pAα (xα), therefore, pAα is a C∗-seminorm on Aα . From Lemma 2.2, Aα is
now hermitian, for each α.
Example 5.3. Let X be a locally compact (noncompact) space, A a noncommutative hermitian
Banach ∗-algebra without unit and C(X,A) the algebra of all A-valued continuous functions
on X, with the topology of uniform convergence on the compact subsets K of X. Then C(X,A) =
C(X) ⊗̂A [21, p. 391, Theorem 1.1], where “̂” is the completion of the injective tensor product
of C(X) with A. The topology on C(X) is defined by the C∗-seminorms ‖ · ‖K , K ⊆ X compact,
with ‖f ‖K := ‖f |K‖∞, f ∈ C(K). It is clear that,A and all C(K)’s are bicontinuously imbedded
in C(X,A), so they become hermitian Banach ∗-subalgebras of C(X,A) [15, Corollary 5.5 and
Theorem 6.10]. Thus the Ptàk function pA of A is an unbounded spectral C∗-seminorm of
C(X,A) and the Ptàk function pC(K) of C(K) being the unique C∗-norm ‖ · ‖∞ on C(K) also
becomes an unbounded spectral C∗-norm of C(X,A). But IpA = {0} = I‖·‖∞ , therefore, no
well-behaved unbounded ∗-representations can be derived on C(X,A) through the hermitian ∗-
subalgebrasA and C(K), K ⊆ X compact. Nevertheless, if we denote by qK,‖·‖ (K ⊆ X compact
and ‖ · ‖ the Banach norm on A) the m∗-seminorms defining the topology of C(X,A) and take
the Banach ∗-subalgebra D(q∞) of C(X,A) such that
D(q∞) :=
{
f ∈ C(X,A): sup
K
qK,‖·‖(f ) < ∞
}
with q∞(f ) := sup
K
qK,‖·‖(f ), f ∈D(q∞),
then D(q∞) = Cb(X) ⊗̂ A. But D(q∞) is symmetric as tensor product of two symmetric Ba-
nach ∗-algebras with one of them being commutative [20, Theorem III.3]. Hence the Banach
∗-algebra D(q∞) is hermitian, so (Lemma 2.2) the Ptàk function pD(q∞) is an unbounded (spec-
tral) C∗-seminorm of C(X,A). In particular, Iq∞ = IpD(q∞) ⊇ Cc(X) ⊗ A and pD(q∞)  q∞,
where Cc(X) is the Banach ∗-algebra of all compactly supported continuous functions on X.
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to Lemma 2.8, restricted on D(q∞) is spectral. On the other hand, if A is moreover taken to be
semisimple (replace, for instance, A with either a C∗-algebra or with A/JA, where JA is the
Jacobson radical of A), then D(q∞) is semisimple (see [13, 33.13 Corollary] and [21, p. 445,
Theorem 4.2]), therefore, pD(q∞) becomes a (spectral) C∗-norm and pD(q∞)(Iq∞) = {0}. Thus
Theorem 3.5 applies and gives that C(X,A) admits a well-behaved ∗-representation π , related
to a spectral unbounded C∗-seminorm r of C(X,A), with D(r) =D(q∞) and ‖π(z)‖ r(z)
q∞(z), z ∈D(q∞).
Example 5.4. Consider the Fréchet ∗-algebra C∞([0,1],A) of all A-valued C∞-functions
on [0,1], with A = Mn(C), n > 1. C∞([0,1],A) = C∞[0,1] ⊗̂ A [21, p. 394], where “̂”
is the completion of the projective tensor product of C∞[0,1] with A. As in Example 5.3,
C∞[0,1] and A become hermitian ∗-subalgebras of C∞([0,1],A), so the respective Pták func-
tions pC∞[0,1] and pA are C∗-(semi)norms (for the 1st one, see [16, Proposition 4.6]). But,
IpC∞[0,1] = {0} = IpA , therefore, no well-behaved unbounded ∗-representations can be taken on
C∞([0,1],A) through its hermitian ∗-subalgebras C∞[0,1] and A. We can take the correspond-
ing to D(q∞) Banach ∗-algebra of the Example 5.3. But we do not know what is exactly D(q∞)
in this case and which are its properties. So the following question arises: Does C∞([0,1],A)
accept any kind of unbounded ∗-representations?
5.5. GB∗-algebras
Let A be a GB∗-algebra over B0. As shown in Corollary 4.5, there exists a spectral well-
behaved ∗-representation of A if and only if the unbounded C∗-norm ‖ · ‖B0 of A is tw-semi-
finite. Let A be a pro-C∗-algebra with {pα} a corresponding family of C∗-seminorms. Then A







and ‖x‖B0 = sup
α
pα(x), x ∈A[B0].
In particular, if A= C(X) is the pro-C∗-algebra of all continuous functions on a locally compact
(noncompact) space X, then A[B0] = Cb(X) (the ∗-algebra of bounded continuous functions
on X) and ‖ · ‖B0 is semifinite [10, Example 7.1 (1)(a)]. Hence C(X) admits a spectral well-
behaved ∗-representation according to Corollary 4.5.
Example 5.6. Let w be the set of all complex sequences and P a set of positive sequences
a = {an} in w satisfying the properties (i)–(v) of [10, Example 7.2]. For 1 q < ∞ consider the
Köthe sequence spaces 	q(P) with
	q(P) :=
{





< ∞, ∀a ∈ P
}
;
for q = ∞, let
	∞(P) :=
{
x = {xn} ∈ w: p∞a (x) := sup
n
|xn|an < ∞, ∀a ∈ P
}
.
Each 	q(P), 1 q ∞, is a complete locally convex ∗-algebra, with respect to the topology τqP
defined by the ∗-seminorms {pqa : a ∈ P , 1 q ∞}; moreover, 	q is contained in 	q(P), 1
q ∞, as dense ∗-subalgebra. Using the properties of P we conclude that D(supa∈P pqa ) ⊇ 	q
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supa∈P p
q
a is a spectral semifinite unbounded m∗-norm on 	q(P) [10, Example 7.2]. In particular,
	∞(P) is a C∗-like locally convex ∗-algebra (for this term, see [19]), with {p∞a : a ∈P} a C∗-like
family of seminorms and supa∈P p∞a is a spectral semifinite unbounded C∗-norm of 	∞(P); so
	∞(P) accepts a spectral well-behaved ∗-representation too.
We examine now whether 	q(P) (1  q < ∞) admits a supa∈P pqa -spectral well-behaved
∗-representation. Suppose that P satisfies a further condition (vi); e.g.,
(vi) ∀k ∈ N, ∃a = {an} ∈P;ak = 1.


























It is easily shown that 	q is a hermitian Banach ∗-algebra such that r	q (x) = ‖x‖∞, x ∈ 	q .
Furthermore, since F ⊆ I‖·‖q , Theorem 3.1 yields the existence of a ‖ · ‖q -spectral well-behaved
∗-representation π of 	q(P) with ‖π(x)‖ ‖x‖q , x ∈ 	q .
We give now two examples satisfying the properties (i)–(iv) of P described in [10, Exam-
ple 7.2].
(1) Let s be the ∗-algebra of rapidly decreasing sequences; that is
s := {x = {xn} ∈ w: {nkxn} ∈ 	∞, ∀k ∈ N}.
Then s is a Fréchet ∗-algebra equipped with the topology determined by the sequence of ∗-semi-
norms pk(x) := supn nk|xn|, k ∈ N, such that s = sb ⊆ 	∞ and ‖x‖∞ ≡ supn |xn| is a spectral
C∗-norm on s. The dual space s′ of s is the ∗-algebra of tempered sequences
s′ := {x = {xn} ∈ w: sup
n
n−m|xn| < ∞, for some m ∈ N
}
.
We introduce on s′ the inductive limit topology τind, induced by the family of Banach spaces
Am :=
{




normed under ‖x‖(m)∞ := sup
n
n−m|xn|,
with m ∈ N. Put Ps := {{an} ∈ s: 0 < an  an+1  1, for all n ∈ N}. Then Ps satisfies the con-
ditions (i)–(vi) of [10, Example 7.2] and for 1  q ∞, s′ = 	q(Ps), τind  τqPs . Indeed, let















, ∀a = {an} ∈ Ps ,






















Am ↪→ 	∞(Ps), s′ =
⋃
m
Am ⊆ 	∞(Ps) and τind  τ∞Ps .
By the definition of Ps it is clear that 	∞(Ps) = 	1(Ps) ⊆ s′.
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Ph :=
{
a = {an} ∈ w: an =
{
1, n = k,
1
(h+1)j , n k + 1,
h, j ∈ N
}
.
Then Ph satisfies the conditions (i)–(vi) of [10, Example 7.2] and 	1(Ph)  	q(Ph)  	∞(Ph),
1 < q < ∞.
Example 5.7. By [12], given a GB∗-algebra A over B0 with unit, there exists a faithful ∗-re-
presentation ρ of A such that Aρb = ρ(A(B0)). Since ρ(A(B0)) is a C∗-algebra, ρ is spectral,
but not necessarily well-behaved. More generally, one could ask: does there exist a well-behaved
∗-representation π of A such that π ⊆ ρ? The answer is not affirmative as it can be seen by
taking the GB∗-algebra given by the Arens algebra Lw[0,1]. Then Lw[0,1]b = L∞[0,1] and
Ib = {0}. So Lw[0,1] can not accept well-behaved ∗-representations, according to Corollary 4.6.
5.8. Multiplier algebras
Let X be a ∗-algebra without unit such that x = 0, whenever xy = 0, for each y ∈X . Let
Γ (X ) be the collection of all multipliers onX . Then Γ (X ) is a ∗-algebra with unit [8]. For x ∈X
we put 	x(y) = xy and rx(y) = yx, y ∈ X . Then the map X  x → (	x, rx) ∈ Γ (X ) embeds X
into a ∗-ideal of Γ (X ). If A is a ∗-algebra with unit, the pair (A,X ) is called a compatible
pair if X is a left A-module with left action denoted by , such that (a  x)∗y = x∗(a∗  y),
x, y ∈ X , a ∈A. For a compatible pair (A,X ) and a ∈A put 	a˜x = a  x and ra˜x = (	a˜∗x∗)∗,
x ∈X . A ∗-homomorphism m of A in Γ (X ) is defined by m(a) = (	a˜, ra˜).
Recall that given a ∗-algebra A and an unbounded m∗-seminorm p of A, p is called rep-
resentable, if there is a nondegenerate bounded ∗-representation π0 of D(p) on a Hilbert
space Hπ0 , such that Hπ0 = 0 and ‖π0(x)‖  p(x), x ∈ D(p) [7, Definition 3.1]. Let now
A(A,X ) be the ∗-subalgebra of Γ (X ) generated by {(	x, rx), (	a˜, ra˜): x ∈ X , a ∈ A}. Then,
we have
Proposition 5.9. Let (A,X ) be a compatible pair and p an m∗-seminorm on X . The following
statements hold:
(i) p is representable if and only if there exists a well-behaved ∗-representation πr of A(A,X )
induced by a w-semifinite unbounded C∗-seminorm r of A(A,X ) with D(r) = X and
r(x) p(x), x ∈X .
(ii) The Ptàk function pD(p) is a C∗-seminorm and pD(p)  p if and only if there exists a
p-spectral well-behaved ∗-representation πr of A(A,X ) induced by a spectral, finite un-
bounded C∗-seminorm r of A(A,X ) with D(r) =X and r(x) p(x), x ∈X .
Proof. (i) If p is representable, there is a nondegenerate bounded ∗-representation π0 of
D(p) = X on a Hilbert space Hπ0 with Hπ0 = {0} and ‖π0(x)‖  p(x), x ∈D(p). Let
D(r) =D(p) and r(x) := ‖π0(x)‖, x ∈D(r). Then r is an unbounded C∗-seminorm of A(A,X )
with r(x) p(x), x ∈ D(r) and Ir = X  ker r . Now if Π0(xr ) := π0(x), x ∈ D(r), then
‖Π0(xr )‖ = ‖xr‖r , x ∈D(r), therefore Π0 can be extended to a faithful ∗-representation of the
C∗-algebra Ar on Hπ0 , denoted also by Π0. Using the standard method of taking an unbounded
∗-representation from an unbounded C∗-seminorm r with r(Ir ) = {0} [10], we construct such
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and πr is well-behaved.
Conversely, suppose that πr is a well-behaved ∗-representation of A(A,X ) as in (ii). Then
the C∗-algebra Ar admits a nondegenerate bounded ∗-representation Π0 on HΠ0 . Π0 gives
rise to a nondegenerate bounded ∗-representation π0 of D(p) = D(r) = X on a Hilbert space
Hπ0 =HΠ0 = {0} with ‖π0(x)‖ = r(x) p(x), x ∈D(p). Hence p is representable.
(ii) Note that Ip =X , so pD(p) is finite and Theorem 3.1 applies. 
Definition 5.10. Let (A,X ) be a compatible pair and p a representable m∗-seminorm on X .
A closed ∗-representation π of A is said to be well-behaved associated with the compatible pair
(A,X ) if π(a) = (π¯r ◦ m)(a), a ∈A, for some well-behaved ∗-representation πr of A(A,X )
induced by a w-semifinite unbounded C∗-seminorm r such that D(r) =X and r(x) p(x), for
every x ∈X .
Example 5.11. Let A = P(x1, . . . , xn) be the ∗-algebra of all polynomials with complex coef-
ficients in n commuting hermitian elements and X = Cc(Rn) (compactly supported continuous
functions on Rn). Then (also see [8, Example 6.4]) (A,X ) is a compatible pair with a left ac-
tion  given by p  f = pf , for any p ∈A, f ∈X and A(A,X ) is a ∗-algebra generated
by A and X . Furthermore, r ≡ ‖ · ‖∞ is a spectral unbounded C∗-norm on A(A,X ) with
D(r) = X . Hence, there exists a spectral well-behaved ∗-representation of A(A,X ) induced
by r . K. Schmüdgen has shown in [26] that for a closed ∗-representation π of A, π is integrable
if and only if it is well-behaved associated with the compatible pair (A,X ).
It has been shown in [18], that the notion of a well-behaved ∗-representation given by Defi-
nition 5.10, is equivalent to that of well-behavedness defined by Schmüdgen [26], when X is a
normed ∗-algebra with a bounded nondegenerate ∗-representation.
Example 5.12. Let A be a C∗-algebra without unit and KA the Pedersen ideal of A [23]. Then
Γ (KA) is a pro-C∗-algebra with Γ (KA) = M(A) (the multiplier of the C∗-algebra A) and
KA ⊆ Ib [23]. Hence there exists a spectral well-behaved ∗-representation of Γ (KA) [8, Exam-
ple 6.15]. We give two concrete examples:
(1) A denotes the C∗-algebra c0 := {{xn} ∈ w: limn→∞ xn = 0} with the C∗-norm ‖{xn}‖ ≡
sup{|xn|: n ∈ N}. Then,{
KA = c00 := {{xn} ∈ c0: xn = 0 only for a finite number of n′s},
M(A) = c := {{xn} ∈ w: {xn} is bounded} and Γ (KA) = w.
(2) A denotes the C∗-algebra C0(Rn) ≡ {f ∈ C(Rn): lim|x|→∞ |f (x)| = 0} with the C∗-norm
‖f ‖∞ ≡ sup{|f (x)|: x ∈ Rn}. Then,{
KA = Cc(Rn) := {f ∈ C(Rn): supp(f ) is compact},
M(A) = Cb(Rn) := {f ∈ C(Rn): f is bounded} and Γ (KA) = C(Rn).
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